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1.  INTRODUCTION 
Consider the semil inear evolution system 
2(t) = A(t)x(t) + B(t)u(t) + f(t, x(t)), 
x(o) = xo, 
t e J = [0, T], 
(1) 
where the state x(.) takes the values in the Banach space Y and the control function u(.) is given 
in L2(J, U), a Banach space of admissible control functions with U, a Banach space. Here A(t) 
is a l inear closed densely defined operator  which generates an evolution system [1,2] X(t,s), 
0 < s < t < T on a Banach space Y with norm [[. H, B(t) is a bounded l inear operator  from U 
into Y and f : J x Y ~ Y is a continuous function. 
We make the following assumptions regarding the l inear evolution system X(t, s). 
(a) X(t, s) e L(Y) space of bounded l inear t ransformat ions on Y whenever 0 < s < t < T 
and for each x E Y the mapping (t, s) --. X(t, s)x is continuous. 
(b) X(t,s)X(s,r) = X(t,r) whenever 0 < r < s < t < T. 
(c) X(t,t) = I, the ident i ty  operator  on Y, for each t G J .  
(d) X(t, s) is a compact  l inear operator  on Y whenever t - s > 0 (0 < s < t < T).  
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Then, for the system (1), there exists a mild solution of the following form [1,3]: 
/0 /0' x(t) = X(t,O)zo + X(t,s)B(s)u(s)ds + X(t ,s) f (s ,x(s))ds.  (2) 
In this paper, we develop conditions for the semilinear system (1) to satisfy the following general 
controllability condition. Let C(J, Y)  denote the Banach space of continuous Y valued functions 
defined on J with supremum norm. 
DEFINITION. Let Q : C(J, Y)  --* Y be a bounded linear operator and let H : C(J, Y)  --~ Y be 
a completely continuous nonBnear operator. Then, the system (1) is said to be QH-controllable 
if there exists a control u ~ L2(J, U) such that the solution x(.) of (1) satisfies x(O) = xo and 
Qx = HI .  
This concept of controllability is an extension of an idea presented by Balachandran and 
Dauer [4] and Ivanovici [5] in finite dimensional systems. A similar concept was developed 
by Chukwu [6] to study controllability to an affine manifold. The work of Kartsatos [7] and 
Ward [3,8] on boundary value problems of semilinear equations in Banach spaces motivate the 
above definition. 
2.  PREL IMINARIES  
We assume the following conditions. 
(i) The operator P : Y --+ Y is defined by Px = Q[X(., 0)x] for each x E Y. 
(ii) For each t E J there is a number A in the resolvent set of A(t) such that the resolvent 
R(A; A(t)) is compact. 
(iii) The linear operator W from L2(J, U) into C(J, Y)  defined by 
(wu)(t) = x(t ,  s)B(s)u(s) ds 
induces an invertible operator W defined on L2(J, U)/ker W and the operator Q has an 
inverse such that QWITV-1Q -1 = I. 
(iv) For each natural number k, there is a function gk E L l ( J )  such that for all t c J, 
sup  IIf(t,x)l I < gk(t) 
Ilxll<k 
and 
lim inf 1 fT  k-*~ -k Jo gk(s) ds =.0. 
(v) Let H : C(J, Y)  --~ Y be completely continuous and satisfy the condition 
lim I IHx l l  _ O. 
,Ix,,--.~ Ilxll 
Take  
M = sup{[[X(t,s)ll: o <_ s < t <_ T}, 
b = sup{lIB(s)ll : 0 < s < T}, 
a ~-1  
= , a l  = I[Qll, 
a =llQ-lll, 
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and 
q(t, x) = X(t,  s)f(s, x(s)) dE. 
The solution of the linear system 
it(t) = A(t)x(t) + B(t)u(t), 
x(O) = xo, 
can be written as 
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(3) 
fo 
t 
x(t) = X(t,  O)xo + X(t,  s)B(s)u(s) dE. (4) 
If the linear system (3) satisfies condition (iii), then for each x0 ~ Y, define the control function 
u(t) = 17V-1Q-I[Hx - Pxo]. 
Using this control function in (4), we get 
x(t) = X(t,  O)xo + X(t,  s)B(s)ITV-1Q -1 [Hx - Pxo](s) dE, 
and so, 
Qx : QX(t,  O)xo + QWITV-1Q-a[Hx - Pxo] = Hx. 
Hence, (3) is QH-controllable. 
3. MAIN  RESULT  
THEOREM. I f  hypotheses (i)-(v) are satisfied, then system (1) is QH-controllable on J. 
PROOF. Using hypothesis (iii), for an arbitrary function x(.), define the control 
u(t) = 17V-1Q-I[Hx - Pxo - Qq(', x)](t). (5) 
We shall now show that when using this control, the operator ~) : C(J, Y)  --* C(J, Y)  defined by 
= x( t ,  0)x0 + ¢(t, x), (6) 
where 
¢(t, x) = X(t,  s)B(s)I2V-1Q-I[Hx - Pxo - Qq(', x)](s) ds + q(t, x), 
has a fixed point. This fixed point is the solution of our problem. That is, (~x)(t) = x(t) 
gives x(O) = x0 and 
Qx = QX(t,  O)xo + Q¢(t, x) 
= Pxo + QWITV-1Q-I[Hx - Pxo - Qq(.,x)] + Qq(t,x) 
~--- Hz .  
It can be easily verified that (I) maps C(J, Y) into itself continuously. For each natural number n, 
let Bn = {x E C(J, Y) : Hxll _< n}. Then for some natural number N, we have 4~BN C BN. If 
this were not the case, then for each natural number n, there would exist a function xn E Bn with 
(I)xn ~ BE, that is with II(I)x~l[ > n. Hence, 1 < (1/n)II~Xnll. But by hypotheses (iv) and (v) 
lira inf (1 )  I[~xn]] = O. 
n--~O0 
This establishes the existence of a natural number N with ~BN C BN. 
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Now we will show that the operator • maps BN into a compact subset of BN. Let t, 0 < t <_ T, 
be fixed and e a real number satisfying 0 < e < t. Define ~be(t,-) by 
~4(t,x) = fo t-~ X(t,s) [B(s)ITV-1Q-I[Hx- Pxo-Qq(.,x)](s) + f(s,x)] ds, 
for all x c BN. Now 
: px0-  ds. 
By hypothesis X(t,t - ~) is a compact operator, and hence, the set K~(t) = {~b~(t,x) : x E BN} 
is precompact in Y. Also, 
~t I¢(t,x) - ~P~(t,x)L <_ IIx(t,s)ll [I]B(s)I~V-1Q-I[Hx - Pxo - Qq(.,x)ll] + Hf(s,x)ll] ds 
<- ft[~ M [baa2 (a3N+ ]lPxo]]+a3M fot gN(S) ds) +gN(S)] ds, 
which is finite by the uniform boundedness principle. Thus, there are precompact sets arbitrarily 
close to the set Ko(t) = {~b(t,x) :x  E BN} and therefore, Ko(t) is precompact. 
We next show that ~b maps the functions in BN into an equicontinuous family of functions. 
Let x E BN and t, r E J. Let e > 0. Then if 0 < e < t < T, 
I~(t, x) - ~(~-, x)l 
< ft" X(t,s)[B(s)I~V-1Q-I[Hx- Pxo-Qq(.,x)](s) + f(s,x)] ds 
+ ~ot-E[X(t,s)- X(%s)] [B(s)I~V-1Q-I[Hx - Pxo-Qq(.,x)](s) + f(s,x)] ds 
+ ~t:e[X(t,s)--X(T,S)] [B(s)IfV-1Q-I[Hx- Pxo-Qq(',x)](s)+ f(s,x)] ds 
= I1 + I2 -b-r3. 
We have for estimates 
I1 <_ C1 gN(s) ds, 
I2 <_ C2 []X(t,s) -- X(T,S)llgN(S)ds, 
f 13 ~_ 63 gN(S) ds, 
for some positive constants C1, C2, and C3. The bounds on I1 and I3 may be made small by 
choosing t close to T and e sufficiently small. Since X(t, s) is uniformly continuous in the operator 
norm for t - s > e, it follows that /2  --~ 0 as t --* T. Thus, ¢ maps By into an equicontinuous 
family of functions uniformly bounded on J. By the Arzela-Ascoli Theorem CBN is precompact 
in C(J, Y). Hence, ~b is a completely Continuous operator on C(J, Y). 
Thus, ~ is completely continuous mapping from BN into itself. By the Schauder Fixed-Point 
Theorem there is a function x E BN with ~x = x. This function is the solution of our problem. 
Hence, the theorem is proven. 
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4.  EXAMPLES 
EXAMPLE 1. Let f : [0, oo) x R n ~ R '~ be a continuous function satisfying, for some p > 0 and 
all x E R ~ and t > O, f ( t  + p, x) = f ( t ,  x) ,  and f ( t ,  -x )  =- - f ( t ,  x).  Also suppose that  
lim I f ( t 'x ) [  - O. (7) 
Further,  suppose that  the solutions to the problem for 
~(t) = f ( t ,  x) + u(t)  (8) 
are unique. Then there exists a 2p-periodic solution to (8) provided u is continuous and u( t+p)  = 
-u(t ) .  
Now consider the equation 
~(t) =/ ( t ,  x) + u(t), 
x(O) + x(p) = o. 
This problem may be written in the following form: 
~: = Ax  + Bu  + f ( t ,  x) ,  
Qx = Hx, 
where Ax = O, B -- I ,  Qx  = x(O) +x(p) ,  and Hx = O. Since the only solution to J: = Ax ,  Qx  = 0 
is x(t )  =- 0, the operator  P is invertible. Here P -- 2 and X( t ,  s) = I ,  the identity operator  in R n. 
Clearly, Wu = fo u (s )ds  and assume that  QWIfV-1Q -1 = I. Observe that  condition (iv) holds 
by (7). Further, all the conditions stated in the above theorem are satisfied. Hence, system (8) 
is QH-control lable.  
EXAMPLE 2. Consider the equation 
z, = zx= + u(t, x) +/ ( t ,  z, z(z, t)), 0 < x < 1, 0 < t < T, (9) 
with boundary  conditions 
z(t, o) = z(t, 1) = 0 
and 
/0'// z(0, x) - z(T, z) = ~(x ,  s, y)p(z(s, y)) ds dy. 
Here f ; (0, T) x [0, 1] x R ~ R is a continuous function satisfying 
f ( t ,  O, z) = f ( t ,  1, z) = O. 
Also assume that  u : [0, 1] x [0, T] -* L2[0, T] and there is a function g E L 1 (0, T) and a number  a ,  
0 < a < 1, such that  ] f ( t ,x , z ) [  <_ g(t)(Izl ~ + 1) for 0 < t < T, 0 < x < 1, and z c R. 
K:  [0, 1] × [0, T] × [0, 11 -~ R 
satisfies K(0,  y, s) = K(1,  y, s) = 0 and K(x ,  y, s) is continuous, p : R --~ R is continuous and 
satisfies 
]p(x)l <_ M (Ixl ~ + 1),  
for some M > 0 and 0 < j3 < 1. 
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Let C = C([0, 1], R) and let Y = {z E C : z(0) = z(1) = 0}. Then Y is a Banach space with the 
sup norm. Let D C Y be the set D = {z c Y : z ~ E C ,z"  E Y} and let A : D --~ Y be defined by 
Az = z". Define a Nemytski i  operator F :  (0, T) × Y --~ Y by the rule F( t , z ) (y )  = f ( t ,y , z ( t ,y ) )  
for all (t, z) e [0, T] x Y and y e [0, 1]. Define an operator H :  C([0, T], Y) --~ Y by 
/01f0 T Hz(y)  = IV(y, s, t)g(z(s, t)) ds dt, 
where z(s, .) E Y for s E [0, T]. 
It  is known [9, p. 132] that  A generates an analytic semigroup X(t )  on Y and X( t )  is compact  
for each t > 0. Moreover, there are numbers M _> 1 and 5 > 0 such that  [[X(t)l [ < Me -St for 
all t > 0. It  follows that  the only solution to the problem 
z' = Az, 
z(O)  - z (T )  = O, 
is the zero solution. Thus, the only solution to the equation 
Px  = ( I  - X (T ) )x  = o 
is x = 0. By the Fredholm alternative, p -1  is bounded. It is easy to see that  the remaining 
hypotheses of the above theorem are satisfied, and thus, system (9) is QH-control lable.  
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